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Abstract: In this study, mixed convection in an annulus formed by two horizontal isothermal cylinder surfaces
and filled with hybrid nanofluids was examined with Galerkin weighted residual finite element method. The outer
cylinder is rotating and inner cylinder is stationary. Influence of Rayleigh number, angular rotational speed of the
outer cylinder, eccentricity of the inner cylinder, solid volume fractions of different nanoparticles (alumina, copper,
hybrid particles between 0 and 0.02) on the fluid flow and heat transfer characteristics were analyzed. It was
observed that average heat transfer enhances with Rayleigh number, solid volume fractions of nanoparticles and
eccentricity ratio and reduces as the angular rotational speed of the outer cylinder increases. Adding nanoparticles
was found to be advantageous for lower values of Rayleigh number and higher values of angular rotational speed.
At the highest volume fraction of Cu nanoparticles, average Nusselt number increases by 31.75 % when the inner
cylinder center moves in +y direction. Nanofluid with hybrid nanoparticles gives heat transfer rates which are
higher than that of with alumina and lower than that of with copper nanoparticles for the same volume fraction.
Keywords: Rotating Surfaces; Convection; Numerical Simulation

1. Introduction

Free convection within the annulus of horizontal cylinders was studied by many researchers due to its
importance in various engineering applications such as thermal energy storage, solar power, heat exchangers and
many others. A review of convective heat transfers and fluid flow was presented by Dawood et al. [1]. Rotating or
moving walls can be used to effect the fluid flow and heat transfer characteristics [2—5]. An experimental study of
natural convection in an annulus bounded by two isothermal surfaces was performed by Kuehn and Goldstein [6].
Influence of Rayleigh number, eccentricity on the heat transfer and fluid flow was investigated and different flow
regimes were identified. Natural convection in the annulus of two isothermal cylinders were studied by Cho et al.
[7] and effects of diameter ratio, eccentricity and azimuthal location of inner cylinder on the heat transfer
enhancements were analyzed. Natural convection heat transfer can be enhanced with the use of nano-sized metallic
or non-metallic particles within the base fluid. The thermal conductivity of nanoparticles is much higher than that
of the traditional heat transfer fluids and they have the potential to enhance heat transfer as it is shown in various
studies [8-27]. Size, shape and type of the nanoparticles are important in determining the rate of heat transfer
enhancement. The pressure drop is little and convective heat transfer coefficient enhances much in heat exchangers
when nanoparticles are added to the base fluid. Soleimani et al. [28] numerically examined the free convection in
a semi annulus filled with Cu-water nanofluid. The use of nanofluids was found to be effective especially for the
low values of Rayleigh number. In a recent experimental study by de la Pena et al. [29], natural convection in a
closed annular vertical enclosure filled with nano-oil was investigated. Various particle concentrations of AIN and
TiO2 nanoparticles were used in oil with a high Prandtl number value. The rate of the heat transfer enhancements
were observed only for certain conditions. In the numerical study by El-Maghlany and Elazm [30], mixed
convection in an eccentric horizontal annulus filled with water and Cu, TiO2 and Al203 nanoparticles were
analyzed. The inner cylinder rotates and the two cylinder surfaces were kept at constant temperatures. They noted
that use of nanoparticles is only effective for the mixed and natural convection regions. Mehrizi et al. [31]
performed a numerical study of mixed convection in micro-annuli filled with electrically conductive nanofluids
under the effect of magnetic field. They showed that taking into account the temperature dependent thermo-
physical properties does not change the flow fields and heat transfer behavior. Matin and Pop [32] performed
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numerical study of free convection in an eccentric horizontal annulus filled with copper-water nanofluid. Effects
of Rayleigh number, eccentricity and nanoparticle volume fraction on the fluid flow and heat transfer were
examined. A computational study by using Lattice Boltzmann method was performed for natural convection in a
horizontal cylindrical annulus filled with nanofluids under the effect of magnetic field. As the nanoparticle solid
volume fraction enhances, heat transfer was found to increase.

Recently, hybrid nanofluids which are prepared with hybrid nanoparticles are used in heat transfer applications
[33-36]. Takabi et al. [34] gave a literature review for the preparation, thermal characteristics of the hybrid
nanoparticles. In another review study, various properties and applications of hybrid nanofluids was given [35].
Due to the cost and stability issues, it may be necessary to take the advantage of one of the nanoparticles which
results in preparation of hybrid nanofluids. With hybrid nanofluids it is also possible further heat transfer increment
with enhanced thermal conductivity. Nimmagadda and Venkatasubbaiah [36] performed a numerical study of
laminar forced convection in a micro-channel with aluminum oxide and silver hybrid nanoparticles.
Effects of Reynolds number, hybrid nanoparticles volume concentration on the convective heat transfer coefficient
were investigated. It was noted that the cost of working fluid reduces when higher volume concentrations of hybrid
nanofluids were used. Kumar et al. [37] measured the thermal conductivity and viscosity of nanofluids with hybrid
Cu-Zn nanoparticles and various base fluids. It was observed that thermal conductivity is higher for vegetable oil
whereas it is less stable. Minea [38] proposed numerical evaluation methods for the thermal conductivity and
viscosity of nanofluids containing hybrid nanoparticles. They also proposed Nusselt number correlations for hybrid
nanofluids. Thermophysical properties of nanofluids which are composed of diathermic oil and hybrid
nanoparticles (SiC - TiO2) were determined. Nanoparticle concentration and temperature were found to enhance
thermal conductivity of the nanofluid and the fluid could be regarded as Newtonian fluid.

Mixed convection in an eccentric annulus formed by two horizontal isothermal cylinder surfaces filled with
hybrid nanofluids composed of alumina and cooper nanoparticles added to water was never studied in literature to
the best of authors knowledge. The use of hybrid nanoparticles has the potential to control the convection inside
the annulus with low cost. The study aims at investigating the heat transfer performance and fluid flow
characteristics for various values of Rayleigh number, angular rotational speed of inner cylinder, eccentricity of
the inner cylinder and hybrid nanoparticles volume fractions.

2. Numerical modelling

Annulus formed by two horizontal isothermal cylinder surfaces along with the boundary conditions are
schematically shown in Figure 1. The radii of the inner and outer cylinders are denoted by Ri and Ro with RO =
2.33Ri. The distance between the center of the inner and outer cylinders is e in y-direction. Eccentricity ratio is
defined as YR= e/Ri. The outer cylinder rotates with angular rotational speed of Q while the inner cylinder is
stationary. The inner and outer surfaces are kept at constant temperatures of Ty and T, respectively with T < Th.
The annulus is filled with water and alumina, copper and hybrid nanoparticles at various volume concentrations.
Thermo-physical properties of base fluid, alumina and copper particles are given in Table 1. The gravity acts in
the negative y direction. Boussinesq approximation was used for the density variation for the buoyancy term.
Laminar, steady and two-dimensional flow assumption was assumed in the annulus. Mass, momentum and energy
conservation equations in a two-dimensional Cartesian coordinate system for the fluid within the annulus can be
written as:

w

Nanofluid

Figure 1. Schematic description of the physical model with boundary conditions
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Vou=0 (1)
pr(W).Vu = V.0ps + prpf” ()
uVT = a, VT )
In the momentum equation, the buoyancy force, becomes:
fooun = .ang(T -T.), 4

Dimensionless form of governing equations can be obtained by using the following dimensionless parameters:
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Effective thermo-physical properties of hybrid nanofluid can be given by the following expressions [34]:
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where ¢ denotes the overall solid volume concentration of the nanoparticles. Thermal conductivity of the hybrid
nanofluid was defined according to Maxwell’s model and it can be given as [34]:
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Brinkman model was used to define the dynamic viscosity of the nanofluid [34]:
—_ ¥
Hny = (1-¢)25 (8)
Dimensional boundary conditions can be expressed as follows:
For the inner surface, u =v =0, T =T,
For the outer surface, u = —w(x — %), v=w@y —yy), T =T,
Local and average heat transfer are calculated as:
knr (06 1
Nug = —ﬂ(%), Num=5f:Nus ds )

ky

Table 1. Thermophysical properties

Property Water ALO3 Cu
p (kg m™ 997.1 3970 8933
¢, Jkg'K™h) 4179 765 385
k(Wm'K? 0.6 40 401
B (K1Y 2.1x10* 0.9x10° 1.4x10°

3. Solution methodology

Galerkin weighted residual finite element method was used for the solution of the governing equations.

Interpolation functions were used for the approximation of the flow variables in the finite elements of the
computational domain. When the approximated field variables are inserted into the governing equations, it will
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result in residual R and the weighted average of this residual will be forced to be zero over the computational
domain as:

J,, wiRdv = 0 (10)

where wk denotes the weight function. The weight function is chosen from the same set of functions as of the trial
functions in the Galerkin method. The resulting system of nonlinear ordinary differential equations were solved
by using Newton-Raphson method. Numerical experiments with different grid sizes were performed to obtain a
grid independence study. The results of average Nusselt number along the hot wall for various grid sizes at the
highest values of parameters of interest are demonstrated in Table 2 (YR=0, Ra=10%, Q= 1000, ¢= 0.02, Cu
nanoparticles). Grid G5 with 39012 number of triangular elements was chosen.

The numerical results of Yoo [39] was chosen to validate the present solver. The outer cylinder surface is kept
at constant cold temperature and rotates while the inner surface is stationary and kept at constant hot temperature.
The comparison of the streamlines and isotherms for two different Reynolds number based on the rotational
velocity of the outer cylinder are shown in Figure 2. The existing results of [40] was used to validate the present
code further. Table 3 presents the comparison results of average Nusselt number at the top wall of a lid-driven
cavity computed with the present solver and computed in ref. [40].

Table 2. Grid independence study for the highest values of parameters of interest (YR=0, Ra=10%, Q=1000)

Grid name Number of elements Average Nusselt number
G1 960 7.380
G2 2646 7.468
G3 5178 7.946
G4 20010 8.611
G5 39012 8.998
G6 68870 9.011

(d) Re=100, isotherm

(e) Re=200, stream (f) Re=200, temp
Figure 2. Verification of the numerical code with the results of Yoo [39], comparison of streamlines and
isotherms
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Table 3. Comparison results of averaged Nusselt number at the top wall of the lid driven cavity

Re=400 Ref. [40] Present
Gr=100 3.84 3.81
Gr=10* 3.62 3.63
Gr=10° 1.22 1.26

4. Results and discussion

In this numerical simulation study, mixed convection of hybrid nanofluids in an annulus formed by two
isothermal horizontal surfaces with the outer cylinder surface rotating is investigated. Effects of Rayleigh number
(between 10* and 10°), angular rotational speed of the outer cylinder (between 0 and 1000), eccentricity of the
inner cylinder (between -0.2 and 0.2), solid nanoparticle volume fractions of different particles (alumina, copper,
hybrid particles between 0 and 0.02) on the fluid flow and heat transfer characteristics were studied in detail. The
base fluid Prandtl number is 7.1.

Streamline and isotherm distributions within the annulus for different values of Rayleigh number are
demonstrated in Figure 3 (Q=400, YR=0, ¢ = 0.01). The outer cylinder rotates in counter-clockwise rotation. For
lower value of Rayleigh number, conduction mode of heat transfer is effective. The annulus is filled with a single
recirculating cell and fluid velocity is higher near the outer rotating cylinder. As the value of Rayleigh number
increases, natural convection effects become important and two vortices are formed in the left and right part of the
annulus. Due to the rotation of the outer cylinder, the flow and thermal fields are not symmetric with respect to
vertical axis. At the highest value of Rayleigh number, the number of vortices becomes three. Along the hot inner
surface, isotherms become denser as the Rayleigh number enhances which is due to the increased effect natural
convection. Only near the top part of the inner hot surface, temperate gradients are less steep which denotes the
ineffective heat transfer locations. In the interior of the annulus, wavy thermal patterns are seen due to the enhanced
natural convection. Richardson denotes the ratio of natural convection to the forced convection due to the outer
rotating cylinder (Ri= Gr/Re?). For this angular rotational speed of the cylinder (Q = 400), the range of Richardson
number varies between 1.415 to 141.5 when Rayleigh number changes from 10* to 10°. Variation of local and
average Nusselt number along the hot wall for various Rayleigh number and solid particle volume fractions are
shown in Figure 4. Except for the location near the upper part of the inner surface, heat transfer is locally enhanced
for higher values of Rayleigh number. As the value of solid particle volume fraction increases, heat transfer is
locally enhanced and it is more effective in the location where higher local heat transfer is achieved. Average heat
transfer is higher for nanofluid with Cu particle and lowest for the nanofluid with alumina nanoparticles. The
discrepancy between average Nusselt number for different nanoparticles is higher for higher values of Rayleigh
number. Average Nusselt number enhances by about 5.804%, 6.026% and 6.058% when nanofluids with alumina,
hybrid and copper nanoparticles were used at the highest volume fraction for Rayleigh number of 104. When the
cylinders are stationary, for the lower values of Rayleigh number when conduction is dominant heat transfer
mechanism, ratio of the average heat transfer rates for the case nanofluid and with base fluid is proportional to the
conductivity ratio. Conductivity ratio enhances by about 6.105%, 6.070% and 5.844% for the nanofluid with
copper, hybrid and alumina nanoparticles at the highest volume fraction (¢= 0.02) and therefore heat transfer
enhances by the same amount for the conduction dominated case. At Rayleigh number of 10°, average Nusselt
number increases by about 2.669%, 3.272% and 3.692% for the nanofluid with the alumina, hybrid and copper
nanoparticles at volume fraction of ¢=0.02. Adding nanoparticles is advantageous for the lower values of Rayleigh
number when conduction is dominant.

Effects of varying angular rotational speed of the outer cylinder on the streamline and isotherm distributions
within the annulus are shown in Figure 5 (Ra=10°, YR=0, ¢=0.01). Richardson number values are 9.057 and 2.26
for angular rotational speed of 500 and 1000. For the motionless cylinder, the annulus is occupied with two vortices
and the flow and thermal field is symmetric with respect to vertical axis. As the outer cylinder rotates faster in the
counter-clockwise direction, the vortices in the right part of the annulus disappears which is due to the forced
convection contribution induced by rotation. Isotherm density enhances along the hot inner surface for lower
values of angular rotational speed of outer cylinder. For the highest value of Q, isotherms are less clustered in the
left part of the hot inner surface and heat transfer process is less effective in this location.

Local Nusselt number are significantly affected with outer cylinder rotations and as the value of increases, local
heat transfer becomes less effective for the largest portion of the inner surface. Adding hybrid nanoparticles to the
base fluid results in local heat transfer enhancement and its values are higher than alumina nanoparticles for the
same volume fraction. Table 4 shows the variation of average Nusselt number for various values of solid particle
volume fractions and Q. Average Nusselt number reduces by about 47.41% when increases from 0 to 1000 for the
nanofluid with hybrid nanoparticles. Higher solid particle volume fractions result in heat transfer enhancement.
For the stationary outer cylinder (Q2 = 0), average Nusselt number increases by about 2.316%, 3.505% and 2.981%
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for the nanofluid with alumina, copper and hybrid nanoparticles at the highest volume fraction. For cylinder
angular rotational speed of Q= 1000, 3.877%, 4.113% and 3.994% enhancements in the average heat transfer are
achieved for nanofluids with alumina, copper and hybrid particles at the highest volume fraction. Adding
nanoparticles is advantageous when average heat transfer rate is low which is the case when outer cylinder rotates.

(¢) Ra=10°

(d) Ra=10* (e) Ra=10° (f) Ra=10°
Figure 3. Variation of streamlines and isotherms within the annulus for different Rayleigh numbers (Q=400,
YR=0, =0.01)
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Figure 4. Local Nusselt number distributions along the hot wall (a) for various Rayleigh numbers (b) for various
solid particle volume fractions, (c) average Nusselt number for different nanoparticle volume fractions
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@a=0 (e) Q = 500 () Q= 1000

Figure 5. Effects of varying angular rotational speed of outer cylinder on the streamline and isotherm
distributions within the annulus (Ra=10°, YR=0, ¢=0.01)

Table 4. Effect of angular rotational speed of the outer cylinder on the average Nusselt number for different
solid nanoparticle volume fraction (Ra=103, YR=0)

Q [0) Al20s3 Cu Cu+Al203
0 0 6,475 6,475 6,475
250 0 6,507 6,507 6,507
500 0 5,2825 5,2825 5,2825
750 0 4,034 4,034 4,034
1000 0 3,405 3,405 3,405
0 0,005 6,513 6,532 6,524
250 0,005 6,54 6,56 6,551
500 0,005 5,281 5,32 5,303
750 0,005 4,046 4,062 4,055
1000 0,005 3,436 3,438 3,437
0 0,01 6,551 6,589 6,572
250 0,01 6,571 6,612 6,594
500 0,01 5,28 5,36 5,322
750 0,01 4,057 4,089 4,075
1000 0,01 3,468 3,472 3,472
0 0,02 6,625 6,702 6,668
250 0,02 6,631 6,714 6,677
500 0,02 5,276 5,436 5,361
750 0,02 4,08 4,141 4,114
1000 0,02 3,537 3,545 3,545

Figure 6 demonstrates the influence of eccentricity of the inner cylinder on the streamline and isotherm
distributions (Ra=10°, Q= 500, ¢= 0.015, copper nanoparticles) for various eccentricity ratios. When the inner
cylinder moves in +y direction, the gap between the inner and outer cylinder surfaces reduces in the upper part. In
the lower part of the annulus, the recirculation zone has a large influence region. When the inner cylinder moves
in —y direction, in the upper part of the annulus, two main recirculation zones are formed (Figure 6 (e)). The
locations where steep temperature gradients are seen change when eccentricity of the inner cylinder changes.
Average Nusselt number for various eccentricity ratios are tabulated in Table 5 for different particle types and two
different volume fractions. When the inner cylinder moves in +y and -y directions, average heat transfer becomes
effective and enhancement is higher for +y direction. Percentage in the Nusselt number enhancements are 20.33%
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and 25.46% for nanofluid with alumina and copper nanoparticles at the highest volume fraction when the inner
cylinder moves in -y direction (YR=-0.2). For the movement of inner cylinder in +y direction, average heat transfer
increases by about 31.75 % for the nanofluid with copper particles at volume fraction of ¢= 0.02 cylinder moves
in -y direction (YR=-0.2). For the movement of inner cylinder in +y direction, average heat transfer increases by
about 31.75 % for the nanofluid with copper particles at volume fraction of ¢= 0.02.

Table 5. Effect of eccentricity of the inner cylinder on the average Nusselt number for various particle types and
solid volume fractions (Ra=103, Q= 500)

YR [0) ALO3 Cu Cu+ALO;s
-0.833 0.005 5912 5.920 5.919
-0.833 0.2 6.349 6.382 6.377

0 0.005 5.281 5.320 5.303
0 0.2 5.276 5.436 5.361
0.833 0.005 6.462 6.474 6.471
0.833 0.2 6.951 7.001 6.988
- ’//:>
\‘\‘ = / \ —/,
(a) YR=0.833, streamline (b) YR=0.833, isotherm

(O

\

‘\ =
(c) YR=0, streamline (d) YR=0, isotherm
U ;
(e) YR=-0.833, streamline (f) YR=-0.833, isotherm

Figure 6. Effects of eccentricity of the inner cylinder on the streamline and isotherm distributions within the
annulus (Ra=10°, Q=500, ¢=0.015)

5. Concluding remarks

Numerical simulation of mixed convection in a hybrid nanofluid filled annulus formed by two horizontal
cylinders are studied. Outer cylinder rotates in counter-clockwise direction and kept at constant cold temperature
while the inner cylinder is at constant hot temperature and remains stationary. Following conclusions can be drawn
from the numerical simulation results as:
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1) Average Nusselt number enhances with Rayleigh number and deteriorates with angular rotational speed of
the outer cylinder.

2) Adding nanoparticles are advantageous for lower values of Rayleigh number and higher values of angular
rotational speed when average heat transfer is low. Nanofluids with hybrid nanoparticles gives higher heat transfer
rates compared to alumina nanoparticles and gives lower heat transfer rates for copper nanoparticles.

3) Heat transfer enhancements are about 6% for the lowest value of Rayleigh number which are closer to the
theoretical values when cylinders are stationary. Average Nusselt number reduces by about 47:41% when angular
rotational speed of the outer cylinder is increased from 0 to 1000.

4) Repositioning the inner cylinder in positive and negative y direction results in heat transfer enhancement and
the effect is more pronounced for positive y movement of the inner cylinder center. At the highest volume fraction
of Cu nanoparticles, average Nusselt number increases 31.75 %.

5) Finally polynomial type correlations for the average Nusselt number along the hot wall for various
nanoparticle types are obtained which is third order in Rayleigh number and second order in angular rotational
speed of the cylinder.
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