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Abstract: This article shows the dependences connecting the deflection, a critical force and the location of the 

dangerous section. The following design schemes are being considered: a column, loaded at the ends of the 

longitudinal force equal to one side and pointing eccentricities; a colon which is rigidly clamped bottom and 

hinged top, eccentrically loaded longitudinal force applied on the upper end; columns, rigid clamping from 

below, at the free end loaded eccentrically applied force; a column, hinged, loaded on the upper end of the 

eccentrically attached to the longitudinal force. As in some of the equations the function is not defined, then we 

will not be able to determine the value of critical force analytically, but knowing the geometric characteristics of 

the column and the allowable deflection, we can calculate the value of the critical force. 
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1. Introduction 

 

Vatulya G. [5], Glazunov Y, Zhakin I., Opanasenko E., Storozhenko L., Chikhladze E. [3, 4, 5] and other 

scholars dedicated their works to the experimental and theoretical investigations of stress-strain state of the 

central and eccentrically compressed columns and other supporting structures. The marked works have 

contributed to the solution of the difficult problem of assessing the strength and stiffness of the columns. 

However, not all issues have been resolved. In particular: the work of statically determinate and statically 

indeterminate columns compressed eccentrically at one end and such that the axial compressions test - on the 

other has not been studied thoroughly. In this regard, this article provides solutions that allow you to determine 

the critical load of the following design schemes (Fig. 1): columns, loaded at the ends of the longitudinal force 

equal to one side and pointing eccentricities; a colon rigidly clamped bottom and hinged top, eccentrically 

loaded longitudinal force applied on the upper end; columns, rigid clamping from below, at the free end loaded 

eccentrically applied force; columns, hinged, loaded on the upper end of the eccentrically attached to the 

longitudinal force. 

 

2. The formulation of the problem 

 

To determine the critical load eccentrically compressed columns at first it is necessary to get the relation 

between load and deflection which occur in columns under various loading schemes. 
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2.1 The column is loaded with two compressive forces applied eccentrically 

Consider a column loaded with two compressive forces applied to the eccentricity e (Fig. 1a). The 

differential equation of the deflected axis will have the following form: 

ᇱᇱݕ ൅ ݇ଶ · ݕ ൌ െ݇ଶ · ݁                                                                    (1) 

where:  

݇ଶ ൌ
ܨ
ܫܧ

 
(2)

Solution of equation (1): 

ݕ ൌ ݁ ൬cos݇ݔ ൅
1 െ cos݈݇

sin݈݇
sin݇ݔ െ 1൰ (3)

The cross-section with a maximum deflection is at a distance x = 0.5l from the origin. 

The maximum deflection is defined by the formula: 

ݕ ൌ ݁ ൬ܿ0.5݈݇ݏ݋ ൅
1 െ ݈݇ݏ݋ܿ

݈݇݊݅ݏ
0.5݈݇݊݅ݏ െ 1൰ (4) 

Substitute equation (2) into the equation (4) and we get the following 
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 (5) 

Use a computer program to express the value of the critical force from the equation (5)  

ܨ ൌ
4 ݃ݐܿݎܽ ቆ

݁ · ඥ2݁ݕ ൅ ଶݕ

ݕ ൅ ݁ ቇ
ଶ

ܫܧ

݈ଶ  
(6) 

Substitute the value of the allowable deflection of the column, according to [7], we find the critical force. 

 

а) б) в) г) 

Fig. 1 Schemes of loading columns  

 

2.2 A hinged column, loaded with force F, which is attached eccentrically on the top 
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Consider a hinged column loaded by force F, which is attached with eccentricity at the upper end (Fig. 1b). 

The differential equation of the curved axis will have the following form: 

ᇱᇱݕ ൅ ݇ଶ · ݕ ൌ
݇ଶ · ݁ · ݔ

݈
െ ݇ଶ · ݁ (7)

solution of equation (7): 

ݕ ൌ ݁ · ቂcos݇ݔ െ ctg݈݇ · sin݇ݔ െ 1 ൅
ݔ
݈

ቃ (8)

That section will be dangerous which will have the maximum deflection. To determine the dangerous section it 

is necessary to find the point of extreme (8). Use the computer program where you will find a cross section of 

maximum deflection 
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Substitute equation (2) and the equation (9) into equation (8), and we get  
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 (10)

As in the equation (10) the function is not defined then, we will not be able to define the value of the critical 

force analytically but knowing the geometric characteristics of the column and the allowable deflection, we can 

get the value of the critical force. 
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2.3 A column rigidly clamped at the bottom, hinged top, eccentrically loaded longitudinal force 

applied on the top 

Consider a column of rigid bottom hinged top loaded eccentrically by a longitudinal force applied at the 

upper end (Fig. 1c). The differential equation of the deflected axis will have the following form: 

ᇱᇱݕ ൅ ݇ଶ · ݕ ൌ
݇ଶ · ݁ · ݔ

2 · ݈
െ ݇ଶ (11)

solution of equation  (11): 

ݕ ൌ ݁ ൬cos݇ݔ െ ൬
cos݈݇ ൅ 0.5

sin݈݇
൰ · sin݇ݔ െ 1 ൅

ݔ
2 · ݈

൰ (12)

That section will be dangerous which will have the maximum deflection. To determine the dangerous section it 

is necessary to find the point of extreme (12). Use the computer program where you will find a cross section of 

maximum deflection 

ݔ ൌ
1
݇
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(13)

Substitute the equation (2) and the equation (13) into the equation (12) and we get  the equation (14), in which 

the function is not defined and we will not be able to define the value of the critical force analytically but 

knowing the geometric characteristics of the column and the allowable deflection, we can get the value of the 

critical force. 
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2.4 Column rigidly clamped below, is loaded at the free end of the longitudinal force applied 

eccentric 

Column rigidly clamped from below, at the free end is loaded eccentrically applied force (Fig. 1d). The 

differential equation of the deflected axis will have the following form: 

ᇱᇱݕ ൅ ݇ଶݕ ൌ െ݇ଶ݁                                                                       (15) 

solution of equation (15): 

ݕ ൌ ݁ ൬cos݇ݔ ൅
1 െ cos݈݇

sin݈݇
sin݇ݔ െ 1൰ (16)

That section will be dangerous which will have the maximum deflection. To determine the dangerous section it 

is necessary to find the point of extreme (16). Use the computer program where you will find a cross section of 

maximum deflection 
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Substitute the equation (2) and  the equation (17) into the equation (16) we get 
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Use a computer program to express the value of the critical force from equation (18).
 

ܨ ൌ
4 arctg ቆെ

2݁ · ඥ2݁ݕ ൅ ଶݕ

ሺݕ ൅ ݁ሻଶ ቇ
ଶ

ܫܧ
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(19)

Substitute the value of the allowable deflection of the column, according to [7], we find the critical force. 

 

3. Conclusions 

 

The obtained solutions allow us to determine the critical load of the following calculation schemes: columns, 

loaded at the ends of the longitudinal force equal to one side and pointing eccentricities; Colon rigidly clamped 

bottom, hinged top, eccentrically loaded longitudinal force applied on the upper end; columns, rigid clamping 

from below, at the free end loaded eccentrically applied force; columns, hinged, loaded on the upper end of the 

eccentrically attached to the longitudinal force. 
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