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Abstract: For the construction of various civil engineering structures, particular care should be taken in the
perspective of geodetic control. Therefore, the design and implementation of the geodetic network deserves special
attention. This paper is focused on various aspects of datum definitions for tested micro-triangulation network. It
was shown that the geometrical distribution of datum points in a minimally constrained solution has a great impact
on the accuracy of the geodetic network. Estimates of the accuracies of individual station y-x coordinates, error
circles and error ellipses, obtained by free adjustment, where the datum selection was independent of errors in
fixed coordinates, revealed much better quality of control points.

Keywords: Geodetic network; Micro-triangulation; Minimally constrained adjustment; Free adjustment; Error
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1. Introduction

Engineering construction requires a joint participation of experts from various fields, including those from the
field of geodesy [1-5]. During construction, survey activities are conducted during different phases, starting with
the production of the large-scale engineering plan (map), stakeout, to the monitoring of eventual displacement and
deformations of the structure during its exploitation [6].

The realization of geodetic control networks is one of the most important tasks for surveying engineers. Such
networks allow all necessary works to be carried out. For example, control network represents the basis for stake-
out process. Through the stake-out process, geometry of the designed structure is transferred onsite — both in
horizontal and vertical sense. During such a task it is important to know the required precision of the stakeout;
which is defined through the permitted deviations for the measurements and geometrical tolerances connected with
the structure’s location. On the basis of the coordinate errors for control geodetic network, and the errors in
stakeout element measurements, it is possible to predict the accuracy that will be achieved during the stakeout of
the structures’ individual points [7]. Selection of the geodetic network datum, networks configuration and precision
of measurements, directly affects the accuracy of its points’ coordinates.

The geometry of the network plays an important role in ensuring highly reliable results [8].

Coordinates are convenient and useful when defined in a proper reference frame: a datum. The datum of a
geodetic network is defined through a subset of its points, which remain congruent in time at a certain significance
level. With a given datum we may compute positions and their covariance matrix. A geodetic control network
consists of points and elements to be measured in three-dimensional space. It is necessary to define a coordinate
reference system (datum) for the estimation procedure when using least squares adjustment with observation
equations. When using condition equations, a reference coordinate system is not needed, because they express the
geometrical relationships between elements of the survey without using a coordinate system [9].

Global and local position accuracy of the control points is expressed through standard deviation in the direction
of the coordinate axis or total positional error. The problem with this kind of accuracy prediction is that it does not
provide an insight into predicted accuracy of control points within any direction — a factor which is usually critical
[6]. In this article the horizontal accuracy of the control points is analyzed through absolute error ellipses and
circular error probability. In terms of a concrete example of the engineering 2D micro-triangulation network, the
uncertainty of the points depending on the selection of the datum of geodetic network, was tested and analyzed.

2. Datum problem of the geodetic network

Four parameters define the datum for a two-dimensional coordinate system: two translation parameters, one
rotation parameter, and one scale parameter. The actual geodetic measurement may include some of these
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parameters. For example, a measured distance in a network can define the scale parameter of the datum. The
remaining datum parameters are determined by adding a sufficient number of constraints to the least squares
problem. The datum defect of the observational system is identified with the remaining datum parameters. In case
when the constraint equations supply only the necessary and sufficient number and types of datum definitions, the
estimation is said to be minimally constrained. If more constraint equations are added than necessary and sufficient,
the estimation is over-constrained [9].

For example, in 2D traverse survey, in which distances and angles are usually measured, if no bearing of a line
is known, there will be 3 datum defects as a result of no bearing and no fixed or constrained (y, x) coordinates. If
the traverse is now done with a bearing of a line known, there will be 2 datum defects for lack of fixed or
constrained (y, xX) coordinates. One of the consequences of datum defects is that they make it impossible to solve
least squares adjustment of survey network where coordinates are the unknown parameters [10].

Overview of the datum defects for trigopnometric network, carried out by triangulation and trilateration, is given
in Table 1.

Table 1. Datum defects of trigonometric networks

Type of the geodetic Observations Parameters Defect

network

Triangulation Horizontal directions and/or Two translations, one rotation, one 4
horizontal angles scale factor

Triangulation Horizontal directions and/or Two translations, one rotation 3
horizontal angles and at least one
distance

Trilateration Distances Two translations, one rotation 3

3. Accuracy analysis of the geodetic network adjustment

In the process of adjustment, the Gauss-Markov model is used. This model is consisted of a functional and a
stochastic part. The functional part of this model is given by the expression [7]:

[=1+v=A% @

where, [ is vector of adjusted measurement values; | is vector of measured values — observations; v is vector of
measurement corrections; A is configuration matrix; and X is vector of unknowns.
The stochastic part of Gauss-Markov model is given by Eq. 2:

Ky = 0§Qy = ofP7" 2

where, K;; is matrix of variance-covariance of measurement; oZ is a priori variance factor; Q;; is matrix of
measurement co-factor; and P is matrix of measurement weight.
The matrix of the co-factor of adjusted unknowns is there given by the following expression [7]:

Qez = (ATPA)' =N1 3)

In a free 2D geodetic network is necessary to determine the inverse of a singular matrix N. To find the inverse
of the singular matrix N, the so-called matrix of datum/data conditions B is formed, i.e. the pseudo-inverse matrix
of N is determined [11].

The basic criterion for assessing the network quality and measurement accuracy is the positional uncertainty of
control points. Positional uncertainty is usually defined by standard deviations of point coordinates (Fig. 1a):

Sx = So+/ Uzz 4)

where o is reference standard deviation a posteriori.

These values do not provide complete information regarding the accuracy of the points’ location. The
uncertainty of the position is likely not known in any direction other than those of the coordinate axes. It is much
better if the uncertainty of the horizontal position of a point is expressed in a graphical format by the error ellipse
(Fig. 1c). In practice it is common to calculate the error ellipse with a 5% significance level (a = 0.05).

Elements of the error ellipse —sizes of semi-major and semi-minor axes (a and b) and the orientation of the
major axis (angle @), are calculated according to Eq. 5:
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where gxx, qyy and gy are elements of the matrix N [12].
The calculations according to Eq. 5 produce standard error ellipse. The chance that the point actually lays within
the standard error ellipse is 39%. The method of obtaining the 95% error ellipse depends on whether the variance-
covariance matrix of the population is unknown [13].
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Figure 1. Accuracy estimation a posteriori: (a) standard deviations in the directions of the coordinate axis and
total positional error; (b) error circle; (b) error ellipse

To express the predicted uncertainty of two-dimensional position of control points, error circles (Fig. 1b) can
be used with an appropriate level of confidence; this is referred to as CEP (Circular Error Probable) [6]. The
radius of the standard circle which incorporates 50% of the points is calculated by Eq. 6:

CEP = 0.59(a +b) £ 3%, forb/3 <a < 3b (6)

An error circle with 95% confidence level is determined by Eq. 7:

CEPysy, = 2.08 - CEP ()
4. Empirical case study

Testing and analysis of the data in this study were carried out on the micro-triangulation network, located in
the area of the Faculty of Civil Engineering, Sarajevo, Bosnia and Herzegovina (Fig. 2). The network is located in
a densely built area, covered by trees and other high vegetation.

4.1. Establishment of the micro-triangulation network

With the aim of testing the influence of the datum selection, a pilot micro-triangulation network was established
on the site. Such small networks are often used in various technical projects that are carried out in smaller areas.
This type of network is mainly measured terrestrially, especially in urban areas and areas with dense and high
vegetation. The establishment of the geodetic control network was carried out in three phases: design, execution
and analysis.

Through the geodetic network project, it was determined where the control points would be placed and in which
way it would be measured. It was initially anticipated that the network covered an area of 1 ha, and had to be
defined by 8 points. Points are located at an average distance of 50 m (minimum 32 m, maximum 66 m). Due to
the terrain configuration, construction and high vegetation, optimal geometric configuration of the geodetic
network was achieved.

Measurements in the network began after the stabilization of points was completed. Measurements in the
network were realized by electronic tachymeter Leica Geosystems TC600. The instrument precision according to
DIN18723 is o, = 5" for angle measurements [14]. Before measurements started, testing of the instrument was
done according to the current SO standard 17123-3. Test results confirmed declared precision. Measurements in
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the network involved the measurement of the horizontal directions and distances between all points (a total of 30
directions and 3 distances). Horizontal directions were observed in 3 sets.

Analysis of the geodetic network included the correction and reduction of field measurements, detection and
removal of gross and systematic errors, adjustment of a geodetic network by the least squares method (parametric
model), statistical testing of estimated measurement residuals, and analysis of the accuracy of obtained results.

A Control point of geodetic
network

—ll Building
]

S50m

Figure 2. Tested micro-triangulation network

4.2. Adjustment of the micro-triangulation network

In order to determine the network in space, it is necessary to know a minimum number of parameters required
for its positioning according to pre-defined coordinate systems. Since the intent of this study was to examine the
accuracy of the control points — dependent on the adopted datum — four adjustments with different definitions
of datum parameters of geodetic control were conducted.

The first, second and third adjustment were performed using a conventional method, i.e., definition of the
network datum was done with a minimally constrained solution. In the first adjustment procedure the coordinates
of the point 1 and point 106 were fixed (a measured distance between these points defined the scale parameter of
the datum), giving the necessary (minimal) number of network parameters which were taken as error-free. This
procedure was repeated with other two combinations of fixed points (382, 101) and (200, 201). Finally the free
network adjustment was carried out, i.e., defining the optimum datum, without the introduction of points’ error-
free coordinates. The algorithms of the aforementioned adjustment of the geodetic networks were provided in
section 3 and various literatures [15, 16]. The basic indicators of the accuracy analysis of the four adjustment
methods are:

1) Reference standard deviation sp = 2.3

2) Standard deviation of the measured horizontal direction sy = 6.6".

4.3. Datum definition and its influence on the accuracy of micro-triangulation network

In section 4.2 it was shown that the selection of the datum of the geodetic network doesn’t affect the standard
deviations sp and sy. With the aim to investigate the impact of datum parameters on the quality of points’
coordinates, the error ellipse of control points were analyzed herein for all three adopted datums, as well as error
circles and standard deviations of points’ coordinates (Table 2 and Table 3).

In the case of the geodetic network with the datum definition by minimally constrained solution, correlation of
obtained error ellipses and fixed points is evident. Points that are closer to the chosen origin of the coordinate
system (fixed points) have smaller horizontal deviations, and the deviations of points that are further from the
origin are higher. The worst results were obtained in the case when points 200 and 201 defined the datum (Fig. 3c
and Fig. 4c). Ratio of minimum and maximum areas of error ellipses is approximately 1:9 in that case. Better
results (approximately 30%) were obtained when the datum was defined by the points 1 and 106 (Fig. 3a and Fig.
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4a), but the ratio of minimum and maximum areas of error ellipses is still 1:8. Slightly better results were obtained
in the third definition of the datum, by fixing the coordinates of points 382 and 101 (Fig. 3b and Fig. 4b). Therefore,
with this kind of datum choice, the relative relationship between the points of the network cannot be maintained.
In other words, homogeneity and isotropy of their accuracy could not be achieved.

The obtained parameters of network accuracy, resulted from the coordinates of geodetic network defined by the
optimal datum (free adjustment), show more balanced positional strength of all control points than in three previous
cases (Fig. 3d and Fig. 4d).

In the case of a free geodetic network, a significantly better homogeneity of obtained accuracy was achieved
(ratio of minimum and maximum area of error ellipse is 1:1), as well as isotropy (the ratio of average minor and
major semi-axis of the ellipse is 1:1). The average positional deviation sy in this case is 1.5 to 2.5 times smaller
than the corresponding values obtained by minimally constrained solutions. The area of the average error ellipse
is 4 to 14 times smaller. Similar results were obtained for the error circles. Therefore, a more realistic assessment
of the accuracy of the control points was achieved, while satisfying all requirements.

Table 2 Indicators of the geodetic network quality (standard deviations of coordinates and positional standard
deviations)

Minimally constrained Minimally constrained Minimally constrained
Point solution (fixed points:  solution (fixed points: 382 solution (fixed points: Free adjustment
number 1 and 106) and 101) 200 and 201)
Sy Sx Syx Sy Sx Syx Sy Sx Syx Sy Sx Syx
[mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm] [mm]
1 - - - 1 3 3 4 7 8 1 1 2
106 - - - 2 2 3 4 6 7 1 1 2
204 2 3 3 3 1 3 4 5 6 1 1 2
382 1 2 2 - - - 3 5 6 1 1 1
8248 2 2 4 2 2 3 1 3 3 1 1 2
101 2 2 3 - - 2 3 4 1 1 1
200 4 4 6 4 5 - - - 1 1 2
201 4 4 5 - - - 1 1 2
Average 25 28 3.8 2.0 2.7 35 30 48 57 1 1 2.3
Max 4 6 5 4 1 1 2
Min 1 2 2 1 3 1 3 3 1 1 1
Table 3. Indicators of the geodetic network quality (error circles and error ellipses)
Minimally constrained Minimally constrained Minimally constrained
solution (fixed points: solution (fixed points: solution (fixed points: Free adjustment
Point 1 and 106) 382 and 101) 200 and 201)
number o 4 b CEP 9 a b CEP 9 a b CEP @ a b CEP
[°] [mm] [°] [mm] [] [mm] [°] [mm]
1 - - - - 17 3 1 24 175 7 4 65 17 1 1 1.2
106 - - - - 50 3 2 30 29 6 4 59 86 1 1 12
204 23 3 2 30 8 3 1 24 150 6 3 53 5 1 1 12
382 162 2 1 18 - - - - 171 5 3 47 134 1 1 12
8248 13 3 2 30 138 3 1 24 12 3 1 24 1 1 1 12
101 124 2 2 24 - - - - 7 3 2 30 166 1 1 12
200 170 4 4 47 169 4 2 35 - - - - 4 1 1 12
201 11 4 4 47 22 4 2 35 - - - - 104 1 1 12
Average 3.0 25 32 33 15 29 50 2.8 4.6 1 1 12
Max 40 4.0 47 40 20 35 70 40 65 1 1 12
Min 20 10 1.8 3.0 1.0 24 30 10 24 1 1 12
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Figure 3. The influence of the selected geodetic network datum on the accuracy of control points represented by
error circles: (a) minimally constrained solution (1 and 106 fixed); (b) minimally constrained solution (101 and
382 fixed); (c) minimally constrained solution (200 and 201 fixed); (d) free adjustment

5. Conclusions

This study clearly shows that more complete information about the uncertainty of the position of control points
is obtained when using error ellipse, as opposed to the usual methods of accuracy assessment in the directions of
the coordinate axes or by error circles. Other than describing the uncertainty of the position of a point, a great
advantage of the error ellipses lies in the fact that a visual comparison of achieved accuracy in any two points can
be done.

Qualitative examination of the influences that dictate the accuracy of the micro-triangulation network has shown
that the choice of the geodetic network datum has the great influence on the uncertainty of the control points. It
was noted that the network that were adjusted with minimally constrained solution, cannot ensure the stringent
requirements of accuracy for control points. The worst scenario is when the datum is defined by points located at
the end of the network, and the distance between them is small. More reasonable results were achieved if the fixed
points are located in the central part of the network. Due to the required accuracy, the geodetic network should be
adjusted by defining the optimum datum.
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Figure 4. The influence of the selected geodetic network datum on the accuracy of control points represented by
error ellipses: (a) minimally constrained solution (1 and 106 fixed); (b) minimally constrained solution (101 and
382 fixed); (c) minimally constrained solution (200 and 201 fixed); (d) free adjustment
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